The Lie Algebra Rank Condition play s a c e n tral role in nonlinear systems control theory. We s h o w that the satisfaction of this condition by a s e t o f smooth control vector elds is equivalent to the existence of smooth transverse periodic functions. The proof here outlined details can be found in 4] is constructive and provides a method for the determination of such functions. This is illustrated by an example.
Introduction
The main result of this paper is a theorem which basically states that smooth vector elds X 1 : : : X m on a nite-dimensional manifold M satisfy the classical Lie Algebra Rank Condition at a point p 2 M (LARC(p)) if and only if there exist an integer n(> m) and, for any neighborhood U p of p, a smooth function f : 7 ! f( ) from R n;m to U p which, for every , is (maximally) transversal to the subspace spanned at f( ) by these vector elds.
The authors believe that the proposed theorem could become instrumental, and a unifying tool, for the development of new solutions to various problems involving nonlinear control systems. Direct application of the theorem concerns, in the rst place, practical feedback stabilization of either driftless control systems such as nonholonomic systems , in relation to time-varying feedback methods, or systems subjected to a nonvanishing drift vector eld, in relation to hybrid open-loop/feedback control solutions based on the use of highly oscillatory terms and averaging techniques. Other applications are also envisioned in the context of nonholonomic motion planning, again in relation to oscillatory open-loop control techniques which h a ve been proposed to approximate arbitrary trajectories in the state space, and a more tentative guess in the domain of state estimation and nonlinear observer design. Results in some of these directions have already been obtained (see 5]).
The following notation is used throughout the pa- B n (0 ) denotes the closed ball in R n centered at zero, and of radius . For h 2 C 1 (R n R m ), and g 2 C 1 (R n R) with g(x) 6 = 0 for x 6 = 0 , w e write h = o(g) when jh(x)j=jg(x)j ;! 0 as x ;! 0. 2. There exist n 2 N and, for any neighborhood U of p 0 , a function F 2 C 1 (T n;m U) such that: 8 2 T n;m M F( ) = Span fX 1 (F ( )) : : : X m (F ( ))g + T F(T n;m ) :
Remark: For a large class of systems (in particular for free systems de ned below), n = n so that F is an immersion and the sum in the above equality is direct.
We rephrase this theorem by considering a system of local coordinates x = (x 1 : : : x n ) on M which maps p 0 to 0 2 R n . We also denote by = ( m+1 : : : n ) a system of local coordinates on T n;m . In the following sections, we g i v e a s k etch o f p r o o f of Theorem 2. We refer the reader to 4] for details.
TC(0) =) LARC(0)
We assume that LARC(0) is not satis ed, and show t h a t T C (0) cannot be satis ed either. By assumption, the accessibility distribution is of constant dimension n 0 in a neighborhood of the origin. Therefore, if n 0 < n , the Frobenius theorem guarantees the existence of local coordinates (x) such t h a t n is constant along the trajectories of S, i . e . for some neighborhood U of the origin, 8i = 1 : : : m 8x 2 U L gi n (x) = 0 : (2) Now assume that T C (0) is satis ed, and choose any f satisfying (1) and such t h a t B n (0 ) U .
By compactness of T n;m , the smooth function 7 ;! n (f ( )) from T n;m to R attains its maximal value for some , i.e. 8i = m + 1 : : : n @ n
From (3), and (2) evaluated at x = f ( ), w e ob-
which is in contradiction with T C (0).
4 LARC(0) =) TC(0)
Notation and recalls About homogeneity (see e.g. 1, 2 ] for details)
Given > 0 and a weight vector r = ( r 1 : : : r n ) (r i > 0 8i), a dilation r on R n is a map from R n to R n de ned by 8z = ( z 1 : : : z n ) 2 R n r z = ( r1 z 1 : : : rn z n ).
A function f 2 C 0 (R n R) is homogeneous of degree l with respect to the family of dilations ( r ) >0 , or more concisely r -homogeneous of degree l, if
A r -homogeneous norm is de ned as a positive de nite function on R n , r -homogeneous of degree one.
A s m o o t h v ector eld X on R n is r -homogeneous of degree d if, for all i = 1 : : : n , the function x 7 ;! X i (x) is r -homogeneous of degree d + r i .
The system S ap :
is a r -homogeneous approximation of S, with minfr i i = 1 : : : n g = 1 , if there exists a change of coordinates : x 7 ;! z which transforms S into
where b i is r -homogeneous of degree ;1, and h i denotes higher-order terms, i.e. for any j, the jth component h i j of h i satis es h i j = o( rj;1 ), where is any r -homogeneous norm. The main motivation for introducing such approximations comes from the following result.
Proposition 1 
Main steps of the proof
We can now proceed with the proof of Theorem 2. It is composed of three steps which are summarized in the following three propositions. These three propositions imply that, for a system S which satis es LARC(0), the problem of nding a f a m i l y (f ) >0 which satis es the Transversality Condition is basically solved provided the same problem is solved for the class of free systems i.e. provided Proposition 2 is proved. The rest of this paper focuses on this latter problem.
Proof of Proposition 2
For free systems we can rewrite the transversality condition as follows. 
We show below how to nd a function f which satis es (10). A family (f ) >0 for which T C (0) holds is then given by f = ( ) f.
Design algorithm: The function f is de ned by 
The functions f m+1 : : : f n(d) are de ned below. 
